RELATIVE GERBES 



ZOHREH SHAHBAZI 

Abstract. This paper introduces the notion of "relative gerbes" for smooth 
maps of manifolds, and discusses their differential geometry. The equivalence 
classes of relative gerbes are further classified by the relative integral cohomol- 
ogy in degree three. 



1. Introduction 

Giraud [Hj first introduced the concept of gerbes in the early 1970s to study 
non-Abelian second cohomology. Later, Brylinski 4 defined gerbes as sheaves of 
groupoids with certain axioms, and discussed their differential geometry. He proved 
that the group of equivalence classes of gerbes gives a geometric realization of inte- 
gral three cohomology classes on manifolds. Through a more elementary approach, 
Chatterjee and Hitchin introduced gerbes in terms of transition line bundles 

for a given cover of the manifold. From this point of view, a gerbe is a one-degree- 
up generalization of a line bundle, where the line bundle is presented by transition 
maps. A notable example of a gerbe arises as the obstruction for the existence 
of a lift of a principal G-bundle to a central extension of the Lie group. Another 
example is the associated gerbe of an oriented codimension three submanifold of 
an oriented manifold. The third example is what is called "basic gerbe," which 
corresponds to the generator of the degree three integral cohomology of a compact, 
simple and simply connected Lie group. The basic gerbe over G is closely related 
to the basic central extension of the loop group, and it was constructed, from this 
point of view, by Brylinski [3]. Later, Gawedski-Reis for G=SU(n), and Mein- 
renken |21| . in the general case, gave a finite-dimensional construction along with 
an explicit description of the gerbe connection. 

This paper introduces the notion of relative gerbes for smooth maps of manifolds, 
and discusses their differential geometry. The equivalence classes of relative gerbes 
are classified by the relative integral cohomology in degree three. 

The organization of this paper is as follows. In Section 2, the relative (co)homology 
of a smooth map between two manifolds is discussed. When the map is inclusion, 
the singular relative (co)homology of the map coincides with the singular relative 
(co)homology of the pair. Also, for a continuous map of topological spaces, the 
relative (co) homology of the map is isomorphic to the (co) homology of the map- 
ping cone. In Section 3, following the Chatterjee-Hitchin perspective on gerbes, 
the notion of relative gerbe is defined for a smooth map $ S C°° (M, N) between 
two manifolds M and N as a gerbe over the target space together with a quasi- 
line bundle for the pull-back gerbe. It is also proven that the group of equivalence 
classes of relative gerbes can be characterized by the integral degree three relative 
cohomology of the same map. 

Another objective of this paper is to develop the differential geometry of relative 
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gerbes. More specifically, in Section 4, the concepts of relative connection, relative 
connection curvature, relative Cheeger-Simons differential character, and relative 
holonomy are introduced. As well, it is proven that a given closed relative 3-form 
arises as a curvature of some relative gerbe with connection if and only if the rel- 
ative 3-form is integral. Further, it is shown that a relative gerbe with connection 
for a smooth map $ : M — > N generates a relative line bundle with connection for 
the corresponding map of loop paces, L$ : LM — > LN . 

2. Relative Homology/Cohomology 
2.1. Algebraic Mapping Cone for Chain Complexes. 

Definition 2.1. Let /, : A. — > Y, be a chain map between chain complexes over 
R where R is a commutative ring. The algebraic mapping cone of / is defined 
as a chain complex Cone, (/) where 

Cone„(/) = X n -i © Y n 

with the differential 

d(6,r)) = (d6,f(8)-d V ). 
Since d 2 = 0, we can consider the homology of this chain complex. Define relative 
homology of /. as 

H n (f) := ff n (Cone.(/)). 
The short exact sequence of chain complexes 

- Y n -i Cone„(/) 4 X n _ a -» 
where j (/3) = (0, [3) and k(a, (3) = a gives a long exact sequence in homology 

(2-1) ■ • • -» ff n (F) ^ ^ fln-l(^) ^ fn-l^) "> • • ■ 

where <5 is the connecting homomorphism. 

Lemma 2.1. The connecting homomorphism 8 is given by 5[y] = [/(7)] for 7 S 

Proof. For 7 S X n _i, we have fc(7,0) = 7. The short exact sequence of chain 
complexes gives an element 7' S F„-i such that ,7(7') = 9(7,0) = (87, f ("?))■ S is 
defined by J [7] = [7']. But, by definition of j, j(7') — (0>7')- Therefore 7(7) = 7'. 
This shows S[i\ = [f (7)]. □ 

Definition 2.2. We call a chain map /. : X, — > Y. a quasi-isomorphism if it 
induces isomorphism in cohomology, i.e., H,(X) —> H,(Y). 

Corollary 2.2. /. : X, — ► Y m is a quasi-isomorphism if and only if H,(f) = 0. 

Proof, f is a quasi-isomorphism, if and only if the connecting homomorphism in 
the long exact sequence 12.11 is an isomorphism. □ 

Definition 2.3. A homotopy operator between two chain complexes /, g : X, — * Y, 
is a linear map h : A. — * Y,+i such that 

hd + dh = f - g. (*) 

In that case, / and g are called chain homotopic and we denote it by / ~ g. 

Two chain maps / : X, — > Y m and g : Y, — > A. are called homotopy inverse if 
jo / ~ ig?x and / o g ~ idy are both homotopic to the identity. If / : A. — > Y m 
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admits a homotopy inverse, it is called a homotopy equivalence. In particular, every 
homotopy equivalence is a quasi-isomorphism. 

Proposition 2.3. Any homotopy between chain maps f,g : X, — > Y, induces an 
isomorphism of chain complexes Cone(/). and Cone(g).. 

Proof. Given a homotopy operator h satisfying (*), define a map F : Cone.(/) — > 
Cone, (g) by 

F(a,(3) = (a,-h(a)+0). 

Since 

dF{a, (3) = {da, g(a) + dh(a) + 8(3) = {da, f{a) - hd{a) + 8(3) = Fd{a, (3), 
F is a chain map and its inverse map is F~ 1 {a, (3) — {a, h(a) + [3). 

□ 

Lemma 2.4. Let 







X. 



x. 



Y. 



Y. 



Z. 



Z. 







be a commutative diagram of chain maps with exact rows. If two of vertical maps 
are quasi-isomorphisms, then so is the third. 

Proof. The statement follows from the 5-Lemma applied to the corresponding dia- 
gram in homology, 



H.(X) 
H.(X) 



H.(Y) 
H.{Y) 



H.(Z) 

I 

H.(Z) 



I 



□ 



Proposition 2.5. Suppose that we have the following commutative diagram of 
chain maps, 



X. 



f. 



Y. 



<i>. 



X. 



f. 



Y. 



such that <& and ^ are quasi-isomorphisms. Then the induced map 

F : Cone.(/) -> Cone.(/), (a, (3) -> ($(a), *(/3)) 
is a quasi-isomorphism. 
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Proof. The map F is a chain map since, 

0F(a,/3)=0(*(a), *(/?)) 

= (0*(a), /(*(«)) -0¥(/9)) 
= ($(ao), *(/(«) -flj9)) 
= F(da,f{a)-d0) 
= Fd(a,[3). 

The chain map _F fits into a commutative diagram, 

► Y. > Cone.(/) ► ► 

► Y. ► Cone.(/) ► X._ x ► 

Since $ and \& are quasi-isomorphisms, so is F by Lemma 12.41 □ 
Proposition 2.6. For any chain map /. : X, — > V., £/iere is a Zong exact sequence 

► H n ^(kerf) #„(/) H n (cokerf) 4 H n _ 2 (kerf) -» ff n _i(/) -> ••■ 

where j, k and the connecting homomorphism S are defined by 

m = mo)] 

k[(6,rj)] = [nmodf(X)} 
6[(r)modf(X))] = [86] G H n _ 2 (kerf). 

Here, rj G Y n and dn = f(9) for some G X n —\. In particular, if f is an injection 
then H n (f) = H n {cokerf), and if it is onto then H n {f) = H n -\{kerf). 

Proof. Let /. : X t — > im{f») C Y. be the chain map /., viewed as a map into the 
sub-complex f,(X,) C Y.. We have the following short exact sequence 

-» Cone„(/) A Cone n (/) -> coker(f n ) -> 

where A; is as above and i is the inclusion map. Therefore, there exists a long exact 
sequence 

(2.2) ► iJ„(/) i» Hn (f) 4 H n (cokerf) - JT n _i(7j - • • • . 

Let : Xt/kerf, — * im(f m ) be the map induced by /. Notice that since /' is an 
isomorphism, therefore H.(f') = 0. By using the long exact sequence corresponding 
to the short exact sequence 

kerf—! -i Cone. (/) A Cone. (7) -> 

where j(0) = (0,0), and %{d,rf) = (6 mod kerf, rf), we see that j is a quasi- 
isomorphism. Since j — i o j, we obtain the long exact sequence 

► H n ^(kerf) ± H n (f) ^ H n (cokerf) -» H n _ 2 (kerf) ->••-. 

To find connecting homomorphism, assume [77 mod /(X)] € H n {cokerf) for 77 G Y„. 
Then <9?7 G /(X), i.e., <9?7 = /(0) for some G Since 

f(d6) = 5/(0) = ddn = 
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then 89 e ker(f). Also k(9,rf) = n mod /(A) and j(9) = i o j(d9) = i(d6,0) = 
(89,0) = d(9,r]). Thus, we have 

5[(r,modf(X))} = [89] e H n _ 2 (kerf). 

□ 

2.2. Algebraic Mapping Cone for Co-chain Complexes. If /* : X' — > Y' 

is a co-chain map between co-chain complexes, the algebraic mapping cone of / is 
defined as a co-chain complex Cone*(/) where 

Cone"(/) = Y n ~ 1 @X n 

with the differential 

d(a, j3) = (/(/?) - da, d[3) 

Since d 2 — 0, we can consider the cohomology of this co-chain complex. Define 
relative cohomology of /* as 

H n (f) :=H n (Cone'(f)). 

Remark 2.1. Any cochain complex (X',d) may be viewed as a chain complex 
(X,,8) where X n = X~ n and 8 n = d~ n (n e Z). This correspondence takes 
cochain maps /* : X' — > Y"* into chain maps /. : A. — > Y. where /„ = /~™, and 
identifies Cone(/) and Cone(/) up to a degree shift: 

ConeCf )„ = Cone(/)-" = y-^ 1 © X"" 
Cone(/)„ = A„_! © y„ = A-" +1 © y _n . 

Thus, Co^(/)„ S Cone(/)„+i. 

Using this corresondence, the results for the mapping cone of chain maps are 
directly carried over to cochain maps. 

2.3. Kronecker Pairing. For a chain complex A., the dual co-chain complex 
(A')' is defined by (A')" = Hom(X n ,R) with the dual differential. 

Proposition 2.7. Let f, : X, — > Y, be a map between chain complexes, and 
(/')* : (Y')' — > (A')' be its dual cochain map . Then the bilinear pairing 

Cone"(/') x Cone„(/) -» i? 

given by the formula 

((a,f3),(9,r))} = (a,9) - (f3, V ) 
for (a, (3) £ Cone"(/') and (9, rj) £ Cone„(/) induces a pairing in cohomology /homology 

H n (f) x H n (f) -» i?. 

Proof. It is enough to show that a cocycle paired with a boundary is zero and a 
coboundary paired with a cycle is zero. Let (a, (3) = 8(a',[3') and 8(9, rf) = 0. 
Therefore, by definition 

a = f'(3' - da', (3 = dp' 

and 

d V = f(9),89 = 0. 
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((a,/J),(M)> = (a,6) - 

= (f'(3',6)-(da',6)-(df3',7 1 ) 
(2.3) =(f'(3 , ,6)-(a , ,d6)-(0 , ,dr ] ) 

= (f'(3 , ,e)-(0',f(e)) 

= 0. 

Similarly we can prove that a co-boundary paired with a cycle is zero. □ 

Lemma 2.8. If f, : X, — > Y, is a chain map , and (/')* : {Y')° — > (-X 7 )* ^ e ^ s 

dwa^ cochain map, then Cone'(f') = (Cone.(/))'. 

Proof. Notice that Cone"(/') = (Cone„(/))' = (X"- 1 )' © (F™)'. It follows from 
definitions that 

(d(a,f3),(0,r))) = ((a,/3),d(6,r))). 
Therefore differential of Cone"(/') is dual of differential of Cone„(/). □ 

2.4. Singular, De Rham, Cech Theory. In this Section, two manifolds M and 
N and a map $ e C°°(M, N) are fixed. 

Singular relative homology: Consider the push-forward map <E>* : S q (M,R) — > 
S q (N, R), where R is a commutative ring and S q (M, R), S q (N, R) are the singular 
chain complexes of M and N respectively. Singular relative homology is the homol- 
ogy of the chain complex Cone,($»), and is denoted H,(&, R). 
Singular relative cohomology: Consider the pull-back map <&* : S q (N,R) — > 
S q {M,R), where R is a commutative ring, and S q (M,R) and S q (N,R) arc the 
singular co-chain complex of M and N, respectively. Singular relative cohomology 
is the cohomology of the co-chain complex Cone*($*), and is denoted 
De Rham relative cohomology: For $ S C°°(M, N), consider the pull back-map 

$* : fl q (N) -» fl"(M) 

between differential co-chain complexes. In this paper, the cohomology of Cone* ($*) 
is denoted as H' R ($) and called it "de Rham relative cohomology ." 
Cech relative cohomology: Let A be a R-module, and U — {U a } be a good 
cover of a manifold M, i.e., all the finite intersections are contractible. For any 
collection of indices ao, ■ ■ ■ ,a p such that U ao PI - - - (~1 U ap ^ 0, let 

U at:r --a p — ^ao n • • • n Ua p - 

A Cech-p-cochain / g C P (U,A) is a function 

/ = J_j_ fom — otp • jj[ U aQ ... ap > A 

where f aa ---a p is locally constant and anti-symmetric in indices. The differential is 
denned by 

P+i 

(df) ao ---a p+1 = ^ /ao-Si-ap|i 

where the "hat" sign means that the index has been omitted. Since d o d = 0, one 
can define Cech cohomology groups with coefficients in A as 

H P (M,A) := H P (C(U,A)). 
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Let U = {Ui}i£i, V = {Vj}je,j be good covers of M and N, respectively, such that 
there exists a map r : I — > J with C V r ^y Let C'(M,A) and C'(N,A) be 

the Cech complexes for given covers, where A is an R-module. Using the pull-back 
map $* : C'(N, A) — > C*(M,A), the relative Cech cohomology is defined as the 
cohomology of Cone*($*). Denote this cohomology by H*(&, A). 

Suppose that A is one of the sheaves ( ^T], |3j) Z,R,U(1), Q£. Denote the space 
of k-cochains of the sheaf -A on M and N, respectively, as C k {M,A) and C k (N,A). 
Here, the differential is defined as above. Again, we have an induced map 

$* : C h (N,A) -> C k (M,A). 

Denote the cohomology of Cone*($*) as H*($,A). 

Theorem 2.9. There is a canonical isomorphism H2 R (&) = H n (&,M.). 

Proof. Let S* m {M, R) and S' m (N, R) be the smooth singular cochain complex of 
M and N, respectively pQ. Consider the following diagram : 

n n (N) — i n n (M) 

where /" is defined by f n (u) : a i-> / A <j*cj, for cj e fi"(M) and cr € S£ m (M) is 
a smooth singular n-simplex. g* is defined in a similar fashion. From these defini- 
tions, it is clear that the diagram commutes. /* and g* are quasi-isomorphisms 
by de Rham Theorem 0. Define k* : ft*($,R) -> S' m ( $,R) by fc*(a,/3) = 
(/* _1 (a), g'((3)). One can use Proposition 12.51 and deduce that fc* is a quasi- 
isomorphism. There is a co-chain map 

r : S'(M,R) ™> 5 s * ro (M,R) 

given by the dual of the inclusion map in chain level. In ( [2I S , p. 196) it is shown 
that I' is a quasi-isomorphism. Therefore, by using Proposition 12.51 again. 

H n ($,R) Si iJ" m ($,R). 

Together, one can have iJ*($,R) Si H% R ($>,R). 

□ 

Theorem 2.10. For$ S C°°(M, N), thereis an isomorphism H q dR {§) Si ff«($,R). 

Proof. Let W = {L^}; e / and V = {V^}j E j be good covers of M and N together 
with a map r : I — ► J, such that $(C/i) C V£.ft). Define the double complex 
EP'i(M) = C p {M,ni) where C* p (W,0«) is the set of q-forms w Qo ... Qp G fi 9 (L/ Qo ... Qp ) 
anti-symmetric in indices with the differential d defined as before. Let E n {M) = 
® p+q=n E p,q (M) be the associated total complex. The map $ : M — > N induces 
chain maps $* : E n (N) — > E n (M). Let's denote the corresponding algebraic 
mapping cone as i? n ($). The inclusion C n (M,U) — > E n (M) is a quasi-isomorphism 
( U, p. 97). There exists a similar quasi-isomorphism for AT, and since inclusion 
maps commute with pull-back of $, one gets a quasi-isomorphism (7 n ($) — > _E"($). 
Thus, the following isomorphism is obtained. 

(2.4) fl"($,R)Sff"(£($)) 



8 



ZOHREH SHAHBAZI 



The map fl n {M) -> E°' n (M) C E n (M), given by restrictions of forms a t-y a\ Uz , 
is a quasi-isomorphism ( pQ, p. 96). Again, these maps commute with pull back, 
and hence define a quasi-isomorphism f2™($) — > that means 

(2.5) A2b($) - 

By combining Equation E3| and Eauation l2~Bl one obtains H*(&, R) = H' R (&) □ 

Remark 2.2. A modification of this argument, working instead with the double 
complex C p (M,S q ) given by collection of S q (U ao ... ap ), gives isomorphism between 
Cech relative cohomology and singular relative cohomology with integer coefficients, 
hence 

i? 9 ($,Z) = ffg($,Z). 

2.5. Topological Definition of Relative Homology. Let $ : M — ► iV be an 

inclusion map, then the push- forward map <£>* : S,(M,R) — > S,(N,R) is injec- 
tion. Proposition ESI shows that Jf.($) H.(S(N)/ S(M)) = H.(N,M;R). 
H,(N, M; R) is known as relative homology. Obviously, this is a special case of what 
the author defined as a relative singular homology of an arbitrary map $ : M — ► N. 

Given a continuous map / : X — ► Y of topological spaces, define mapping 
cylinder 

(X X 7) U Y 



and mapping cone |14| 



Cyl,= 
Cone/ 



X x {0}' 

Let Cone(X) := X x I/A x {0}. There are natural maps 

i : Y <^-> Cone/, j : Cone(X) — > Cone/ . 

Note that j is an inclusion only if / is an inclusion. There is a canonical map, 

h : S n ^(X) ^ S n {Cone(X)) 

with the property h o d + d o h = k, where h is defined by replacing a singular 
n-simplex with its cone, and k : X <^-> Cone(A) is the inclusion map. Define the 
map 

l n : Cone„(/*) -> ^(Cone/), (x,y) h-> j*(h(x)) - i*(y). 
Theorem 2.11. i. is a chain map and a quasi-isomorphism. Thus, 

Hn(f) = H n (Cone f ). 
Proof. Recall that d(x,y) = (dx,f*(x) — dy). Since 

l(d(0, y)) + dl(0, y) = l((Q, -dy)) - duy 
(2.6) = i*(dy)-di*y 

= 



and 



(2.7) 



l(d{x, 0)) + dl(x, 0) = l((dx, f(x))) + dj*h(x) 

— j*h(dx) — i*f(x) + dj*h(x) 
= j*k*{x) i*f(x) 
= 
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therefore dl + Id = 0. Consider diagram 

► S n {Cy\ f ) ► 5„(Con e/ ) ► ^(Cone/.Cyly) 

i 4 

► S n (Y) ► Cone„(/*) ► S n -x(X) ► 

where the first row corresponds to the pair (Cone/,Cylj) and the right vertical 
arrow comes from 

S n -i{X)-> S n (Cone(X),X) S S n (Cone/,CylA 

exision 

The diagram commutes, and the rows are exact. Since the right and left vertical 
maps are quasi-isomorphisms, hence so is the middle map. □ 

2.6. An Integrality Criterion. If A and B are R-modules, then any homo- 
morphism k : A — > B induces homomorphisms k : H n (<&,A) — > H n (&,B) and 
k : H n ($>, A) — > H n (<f>, B). In particular, the injection t : Z — > K induces a homo- 
morphism 

t : H n (<Z>,Z) -> iT l ($,R). 
A class [7] e iJ"($,K) is called integral in case [7] lies in the image of the map t. 

Proposition 2.12. A class [(a,/?)] E ff n ($,R) is integral if and only if J s ct — 
J n l3 £ Z for all cycles {6,rj) G Cone„($,Z) . 

Proof. Consider the following commutative diagram 

► > iT"($,R) — — > Hom{H n ($, R),R) ► 



► Ext(H n ($,Z)) ► F"($,Z) — : — ► Hom(H n (<f>,Z),Z) ► 

where if n ($,R) — * Hom(H n ($>, R), R) and r are pairing given by integral. The 
map Tis inclusion map, considering the fact that 

Hom(H n ($,R),R) = Hom(H n ($, Z), R). 

Thus, [(a,/?)] G ff n ($,R) is integral if f e a - f f3 £ Z for all cycles (6*, 77) G 
Cone„($,Z). □ 

2.7. Bohr-Sommerfeld Condition. Let (N, oj) be a symplectic manifold. Recall 
that an immersion $ : M — * N is isotropic if $*w = 0. It is called Lagrangian if 
furthermore dimM = ^dimA. Suppose that Hi(N,Z) — and u> is integral. A 
Lagrangian immersion $ : M — > N is said to satisfy the Bohr-Sommerfeld condition 
( d, dl) if for all 1-cycles 7 G Si(M) 



- / weZ where dD = $(7). 

27 T JD 



<D 

Note that since u> is integral, the above condition does not depend on the choice of 
D. Also, if to = d9 is exact ( for example for the cotangent bundles ), the condition 
means that 

— / $*0 G Z for all 1-cycles 7. 
2tt J 7 
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In terms of relative cohomology, the above condition means that (0,oj) <E f2 2 (<I>) 
defines an integral class in H 2 R (Q). The interesting feature of this situation is that 
the forms on M, N are fixed, and it defines a condition on the map <f>. 

Example 2.1. Let N = R 2 , M = S 1 , uj = dx A dy, <I> = inclusion map. Then, the 
immersion $ : S 1 > R 2 satisfies the Bohr-Sommerfcld condition. 

3. Geometric Interpretation of Integral Relative Cohomology 

Groups 

Let $ e C°°(M,N) where M and N are manifolds. Let U = {Ui} ieI , V = 
{Vj}j£j be good covers of M and N respectively such that there exists a map 
r: I -» J with $(£/;) C V r(l) . 

Proposition 3.1. ffg($,Z) g if 9 " 1 ^, ) /or g > 1. 

Proof. Consider the following long exact sequence, 

► iF-^M.R) -> H q (<f>,R) -> ff«(iV,l) -» i2" 9 (M,R) 

Since H'(M, R) = and H'(N,R) = 0, one can see that #«($,R) = for o > 0. 
By using the long exact sequence associated to exponential sequence 

-» Z -» R °A P f/(l) -» 0, (★) 

one can deduce that if«($,Z) = g^- 1 ^, £/(!) ) for g > 1. □ 

3.1. Geometric Interpretation of i? 1 (<I>,Z). Let X be a manifold. Function 
/ e C°°(X,U(1)) has global logarithm if there exists a function fe e C°°(X,R) 
such that / = exp((27rv / — T)fc). 

Definition 3.1. The two maps /, 5 : X — > J7(l) are equivalent if //(/ has a global 
logarithm. 

The short exact sequence of sheaves (*) gives an exact sequence of Abelian groups 
-» Z) -» C°°(X,R) e -5 C°°(X,f/(l)) -» H^X^Z) -» 0. 

This shows that there is a one-to-one correspondence between equivalence classes 
and elements of H 1 (X, Z). One should look for a geometric realization of H 1 ^, Z) 
for a smooth map $ : M — ► iV. Let 

£ := {(fc, /)|$*/ = cxp((27rv^T)fc)} C C°°(M,R) x C°°(N,U(1)). 
L has a natural group structure. There is a natural group homomorphism, 

t : C°°(iV,R) -» £ 
where r is defined for Z e C°°(N,R) by 

T (Z) = ($*/,exp((27rv^T)0)- 

Definition 3.2. (k,f),{k',f) e £ arc equivalent if ///' = cxp((2 7 rV 3 T)^) for 
some function h e C°° (iV, R) such that 

$*h = k-k'. 

The set of equivalence classes is a group C/t(C°°(N,R)). 
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Theorem 3.2. There exists an exact sequence of groups 
C°°(iV,R) -4 C -» ff^Z) -» 0. 
Thus, _ff 1 ($,Z) parameterizes equivalence classes of pairs (k,f). 
Proof. The first step is to construct a group homomorphism 

Given (fc, /), let lj e C°°(Vj,]R) be local logarithms for /|v 3 -, that is f\ v = 
exp((27T\/— On overlaps, Ojy := Zy — Zj : V,y — > Z defines a Cech cocy- 
cle in C^Z). Let 

:=**/ r(i )-fc|^ :Ui-»Z. 

Since b' i — bi = <&*a r (jWj/), so that (6, a) defines a Cech cocycle in C 1 ($,Z). Given 
another choice of local logarithms lj , the Cech cocycle changes to 

b t = bi + ( E > *c r(i ), a,jj> = a ji + cy - Cj 

where cj = lj - lj : Vj -> Z. Thus, (6, a) = (6, a) + d(0, c), and X (k, f) ■= [(b, a)} <G 
_ff 1 ($,Z) is well-defined. Similarly, if (b, a) = d(0,c) then the new local logarithms 
lj = lj — Cj satisfy ajj' — 0, which means that lj patches to a global logarithm 
I. bi — < &*c r (i) implies that k\u i — $*Z r (j), which means k — <I>*Z. This shows 
that the kernel of \ consists of (k, /) such that there exists Z <G C°°(N,M.) with 
/ = cxp((27rv / — 1)1) and Zc = $*Z, i.e., ker(x) = im{r). 

Finally, it is shown below that \ is surjective. Suppose that (b, a) € C 1 ( < I>,Z) is 
a cocycle. Then 

(3.1) ajij" - ajjn + ajj> = 



(3.2) $*a r(j)r( y) = b v - b l 

Choose a partion of unity X^ e j = 1 subordinate to the open cover V = { Vj}j e j. 
Define fj e C 00 ^-, 17(1)) by 

/j = exp(27rv / ^T^a Jp Zip). 

By applying (3.1) on V, n V}/ one has 

fify 1 = exp(27r\/— ajph p ) exp(— 27r\/— T ^ aj> p h p ) 

pEJ pEJ 

= exp(27r\/— 1 Zip) 
= 1. 

Hence ft defines a map / e C°°(N, U(l)) such that /|y. = /.,■. Define ki e 

C 00 ^,^) by 

(3.3) h = Y,(®*a r (i) P + bi)$*h p . 

pEJ 
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Since b% G Z , exp((27r-\/— T)fei) = $*/|(7;- One can check that on overlaps f/, n 
fcj - fej/ = 0, so that {ki} defines a global function k e C°°(M,M) with $*/ = 
cxp((27r\/— Indeed, by applying (2.1.1) and (2.1.2) on Ui n t^' one can obtain 

^2{<S>*a r{i)p + $*a pr(i /) + 6, - 6j/ )**/!,, = ^($*a r (i)r(i') + h - bi,)$*h p = 0. 

pEJ p£J 

By construction x(fc, /) = [(&, a)], which shows \ is surjective. □ 

Remark 3.1. Any (fc, /) G £ defines a [/(l)-valued function on the mapping cone, 
Cone^ = N U$ Cone(M), given by / on N and by exp((2TTy/^l)tk) on Cone(M). 
Here, t G / is the cone parameter. Hence, one obtains a map 

£ -> ff^Cone^Z) S iP^Z). 

This gives an alternative way of proving the Theorem 3.2. 



3.2. Geometric Interpretation of H 2 (&,Z). Denote the group of Hermitian 
line bundles over M with Pic(M) and the subgroup of Hermitian line bundles over 
M which admits a unitary section with Pico(M). Recall that there is an exact 
sequence of Abelian groups 

-> Pico(M) Pic(M) H 2 (M,Z) -> 

defined as follows. For the line bundle L over M with transition maps cw € 
C°°(Uu', U(l j) over good cover {£/i}iei for M, <5(L) is the cohomology class of the 
2-cocycle {a^v' : E/^v' — > Z given as 

ajj/j" := (— —=(log Ci'i» -logc,j» + log ae)) G Z. 

Z7TV ~1 

Thus, one can say two Hermitian line bundles L\ and L2 over M are equivalent 
if and only if LiL^ 1 admits a unitary section. The exact sequence shows that 
H 2 (M, Z) parameterizes the equivalence classes of line bundles The class 

5(L) :— c\{L) is called the first Chern class of L. Similarly, for a smooth map 
$ : M — * N one should look for a geometric realization of H 2 (&, Z). 

Definition 3.3. Suppose that $ £ C oa (M,N) and Li,L>2 are two Hermitian line 
bundles over N, and 01, 02 are unitary sections of <I>*Li,$*L2- Then, (Li,<t\) is 
equivalent to (£2,02) if LiL^ 1 admits a unitary section r , and there is a map 
/ G C°°(Af,R) such that (SVVo-iCT-f 1 = exp((27iV=l)/). 

This defines an equivalence relation among (a,L), where L is a Hermitian line 
bundle over N and c is a unitary section of 

Definition 3.4. A relative line bundle for $ G C°°(M,N) is a pair (<r,L), where 
L is a Hermitian line bundle over N and a is an unitary section for Define 
the group of relative line bundles 

Pic($) = {(<t, L)|i G Pic(N),a& unitary section of <f>*L} 
and a subgroup of it 

Pic ($) = {(ct, L) G Pic(<i>)|3 a unitary section r of L and k £ C°°(M 
with $*r/cr = exp((27r v /i: T)A;)}. 
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Example 3.1. Let (N,u>) be a compact symplcctic manifold of dimension 2n, and 
let L — > A be a line bundle with connection V whose curvature is u>, i.e., L is a 
pre-quantum line bundle with connection. A Lagrangian submanifold M satisfies 
the Bohr-Sommerfeld condition if there exists a global non- vanishing covariant con- 
stant(=flat) section ctm of $*L, where $ : M — > A is inclusion map (1.6, HBD- For 
any Lagrangian submanifold M, (<jm,L) S Pic($). 

Theorem 3.3. There is a short exact sequence of Abelian groups 

-> Pic ($) -> Pic($) -> ff 2 ($, Z) -> 0. 

Thus, iJ 2 ($,Z) parameterizes the set of equivalence classes of pairs (a,L). 

Proof. One can identify # 2 ($,Z) with H x ( $, 17(1) ) by Proposition 3.1. Let 
(cr,L) £ Pic{<&). Let {Vj}j G j be a good cover of N and {Ui} ie i be a good cover 
of M such that there exists a map r : I — > J with $(f7,-) C V^). Choose unitary 
sections <jj of £|vi- The corresponding transition functions for L are 

g jf £r(%,C/(l)) i,i'eJ, gjf(Tj=(Tf on Vjj, 

Define = ^*(a r ^)/cr on C7j. Then 

(3 4) = ($*K (i) )/ CT ).($*( C r r(i0 )/ CT )- 1 

Since 

{b~g)r(i)r(i')r(i") = L 

then (fi, g r (i) r (i')) 1S a cocycle in C 1 ($,Z). If one changes local sections Cj, j € J, 
then {fi, g r (i)r(i')) wm shift by a co-boundary. Define 

X : Pic{<$) — #*( $, C/(l) ), ( ffj L) ^ [(/,<?)]. 



To find the kernel of suppose that (/, g) = S(t,c). Thus, g = Sc and / = 
<p*(c) exp(2irih)~ 1 , where h is the global logarithm of t. Define local section Tj := 
o~j/cj on Vj. Since on Vjf 

then we obtain a global section r. On the other hand, 

$*cr r(4) /ex = fi = 4>*c r{l) exp((27rv /T T)/i) _1 . 
Therefore, 4>*r/a — exp((27r-\/— l)/?,) -1 . This exactly shows that the kernel of \ is 

Next, it will be shown that \ i s onto. Let (ft, gjf) € C 1 ( < i>, E/(l) ) be a cocycle. 
Pick a line bundle L over A with g^y corresponding to local sections o~j. $*<J r (i)/ f% 
defines local sections for <J>*L over {/,. On C/j n J/,-/ 

$V(i)//i = $V(i')//V 

which defines a global section cr for 4>*L. By construction, \(a,L) = [(f,g)]. This 
shows that x is onto. □ 

Remark 3.2. A relative line bundle (L,a) for the map $ : M — ► A defines a line 
bundle over the mapping cone, Cone$ = A U$ Cone(M). This line bundle is given 
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by L on N C Cone* and by the trivial line bundle on Cone(M). The section a is 
used to glue these two bundles. Hence, one obtains a map 

Pic(<f>) -> H 2 (Cone^, Z) i7 2 ($, Z). 

3.3. Gerbes. The main references for this Section are [IS], (SJ and 

Let U = {Ui]i<zi be an open cover for a manifold M. It will be convenient to 
introduce the following notations. Suppose that there is a collection of line bundles 
-^it ),..., it") on C/iCo) ■ Consider the inclusion maps, 

4 : 0ic°),...,i(»+i) ^(o),...,^),.. .,»(»+!) (fc = 0, • • • , n + 1) 

and define Hermitian line bundles (SL)^) over C/j(o) jO+i) by 

n+l 
fc=0 

Notice that S(SL) is canonically trivial. If one has a unitary section A^o) $(») of 
f° r each f/i(o) j(n) ^ 0, then one can define <5A in a similar fashion. 
Note that <5(<5A) = 1 as a section of trivial line bundle. 

Definition 3.5. A gerbe on a manifold M on an open cover U — {Ui]n=i of M 
is defined by Hermitian line bundles La> on each Uw such that Lw = L~ H , and a 
unitary section Gnn" of SL on such that SO = 1 on Uii>i"i"> . Denote this data 

as G = (U,L,0). 

Denote the set of all gerbes on M on the open cover U — { f7j}igj as Ger(M,U). 
Recall that an open cover V = {Vj}j£j is a refinement of open cover U = { f7j}ie/ 
if there is a map r : J — > / with Vj d Ui. In this case, one gets a map 

Ger{M,U) ^ Ger(M,V). 

Define the group of gerbes on M as 

Ger(M) = ]imGer(M,U). 

Define the product of two gerbes £ and Q' to be the gerbe Q ®Q' consisting of an 
open cover of M, V = {Vi} ie i (common refinement of open covers of Q and Q'), 
line bundles Lw ® L' iv on Vw and unitary sections Ouiyi ® ^j/j" of 5(£ ® L') on 

VJi'i" . 

the dual of a gerbe Q, is defined by dual bundles L~ { } on C/jj/ and sections 
_1 of over Uu>i». Therefore, one get a group structure on Ger(M). If 

$ : M — ► JV be a smooth map between two manifolds and ^ be a gerbe on TV with 
open cover V = {V}}j e j, the pull-back gerbe is simply defined on U = {Ui}i £ i 
where C for a map r : I — > J, line bundles ^*L r ^ r ^i^ on Ua' , and 

unitary sections 9 of $(<!>* L) on Uun" . 

Definition 3.6. (Quasi-line Bundle): A quasi-line bundle for the gerbe Q on a 
manifold M on the open cover U = {Ui}i<=i is defined as: 

(1) a Hermitian line bundle Ei over each Ui\ 

(2) Unitary sections ipw of 

<g> L«/ 

such that Sip = 8. 
Denote this quasi-line bundle as C = (E, ip). 
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Proposition 3.4. Any two quasi-line bundles over a given gerbe differ by a line 
bundle. 

Proof. Consider two quasi-line bundles C = (E, ip) and C = (E, ijj) for the gerbe 
Q = (li, L, 9). ipu> ® Vii' 1 is a unitary section for 

E v ® E~ x ® L~J (g) E~, Y ®Ei® Lu> = Ei> ® P" 1 <g> E' 1 ® % 

= E v ® Ef, 1 ® Ef 1 ® Ei. 

Therefore, E ® E~ x defines a line bundle over M. □ 

Denote the group of all gerbes on M related to the open cover U = { Ui}i e j that 
admits a quasi-line bundle as Ger (M,U). Define 

Ger Q {M) = lim Ger (M, U). 

Proposition 3.5. There exists a short exact sequence of groups 

-> Ger (M) ^ Ger(M) A P 3 (M, Z) -> 0. 

froo/. Identify H 3 (M 7 Z) with H 2 {M, U{1) ). Consider the gerbe Q on M. Refine 
the cover such that any Lai admits unitary sections aw . Define 

t := (5a)6-\ 

Thus, 5t = 1, which means t is a cocycle. Define 

X(G) := [t]. 

Different sections shift the cocycle by <5C 1 (M, C/(l)), which shows that % is well- 
defined. Also, x(G ® 0') = [tt'] = x(^)x(^')i which proves that x is a group 
homomorphism. Next, it will be shown that the kernel of \ is Gero(M). For 
G G Gero(M), choose a quasi-line bundle C = (E,ip). Thus, t — <5(o-i/j _1 ). Hence, 
x(G) = [t] = 1. Conversely, if [i] = 1, then 

t = 5t' 

and by defining the new sections a 1 = t'a one infers that 8a' = tSa = 8, which 
shows that Q admits a quasi-line bundle. 

Finally, it will be shown that \ is onto. If U = {Ui]i^i is an open cover of M and 
twi" is a cocycle C 2 (M, U(l)), then define a gerbe Q on M by trivial line bundle 
L^i on Uai and unitary sections er„' on Un>. Define 9 — tSa. Since St — 1, then 
50 = 1. By construction, x(^) — [*]• 

□ 

Definition 3.7. Let Q e Ger(M). X {G) € H 2 (M, U(1) ) H 3 (M,Z) is called 
Dixmicr-Douady class of the gerbe G, which is denoted as D.D.Q. 

A gerbe admits a quasi-line bundle if and only if its Dixmier-Douady class is 
zero by Proposition 13. 51 

Example 3.2. Let G be a Lie group, and 1 ^ U(l) —> G —> G —> 1 be & central 
extension. Suppose that tt : P — > M is a principal G-bundle. A lift of it : P — ► M 
is a principal G-bundle tt : P — > M together with a map q : P — > P such that 
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7r = 7r o q and the following diagram commutes: 

G x P > P 

(K,q) q 

Gx P > P 

In the above diagram the horizontal maps are respective group actions. Suppose 
that {Ui}i£i is an open cover of M such that P\u i := Pi has a lift Pi. Define 
G-equivariant Hcrmitian line bundles as 

Ei = PiX u(1) C^P\ Ut ■ 

Since U(l) acts by weight 1 on Ei, it acts by weight on Ei ® PjT 1 := Eu> on 
f/jj,. Therefore, G acts on Ew, and Eu'/G is a well-defined Hermitian line bundle, 
namely Ln>. By construction, SL is trivial on Uunn, therefore one can pick trivial 
section 9 that obviously satisfies the relation 69 = 1. This shows the obstruction 
to lifting P to P defines a gerbc Q. 

If £7j — > C/j defines a quasi-line bundle £ for CJ, then the line bundles E t := 
Ei (X> it* LJ 1 patch together to a global G-equivariant line bundle E — > P, and the 
unit circle bundle defines a global lift P — > P. Conversely, if P admits a global lift 
P and p =: P then La> is trivial, which shows that the resulting gerbe is a 
trivial one. 

Example 3.3. Let N C M be an oriented codimension 3 submanifold of an n- 
oriented manifold M. The tubular neighborhood Uq of N has the form P x so(3) 
where P -> TV is the frame bundle. Let U\ = M — N . Then, P n Pi = P x SO (3) 
(R 3 - 0). Over (M 3 -0) = S 2 x (0, oo), one has degree 2 line bundle E that is 50(3) 
equivariant. Thus, 

^oi := ><so(3) ^ 

is a line bundle over Uq fl Pi, which defines the only transition line bundle. Since 
there is no triple intersection, this data defines a gerbe over M. 



3.4. Geometric Interpretation of P 3 ($, Z). 

Definition 3.8. A relative gerbe for $ e G°°(M, N) is a pair (£,</) where g is a 
gerbe over N and £ is a quasi-line bundle for $*Q. 

Notation: Let $ E C°°(M,N). Then 
Ger($) = is a relative gerbc for$ e G°°(M,iV).} 

Ge^o( < I , ) = {(£, € Ger($)|5 admits a quasi-line bundle £' s.th the line bundlc£ O $*£' 
admits a unitary section} 



RELATIVE GERBES 



17 



Example 3.4. Consider a smooth map $ : M — > N with dimM < 2. Let 5 be a 
gerbe on N. Since admits a quasi-line bundle say £, (£, 5) is a relative gerbe. 

Theorem 3.6. TTiere exists a short exact sequence of Abelian groups 
-» Ger ($) ^ Ger($) A iJ 3 ($, Z) — > 

Proof. One can identify 7J 3 ($,Z) = 7J 2 (<I>, U(l)). Let {Vj}j e j be a good cover of 
N and {Ui}i e i be a good cover of M such that there exists a map r : / — > J with 
$(?/») C V r(i) . Let (£, (?) € Ger($). Refine the gerbe Q = (U, L, 6) sufficiently such 
that all Ljji admit unitary sections ajj'. Then, define tjj>j" € C 2 (N, £7(1)) by 

t:= (Sa)(e)-\ 

Since 69 = 1 and 6(6 a) — 1, then <5f = 1. Let £ = (£7, -0) be a quasi-line bundle for 
with unitary sections t/'m' for line bundles ((8E)w) <g) $*L r ( i ) r ( i /- ) . Define 
GC 1 (M,[/(1)) by 

*«' ■= ® *V(i)r(i')) 

where Aj is a unitary section for Ei . Now 
(S't- 1 )^***) = $*6» 

= 5V 

(3 ' 5) =(<5s)- 1 (55A- 1 ®*$V) 

This proves that <5s = Define the map 

k : Ger($) - ff 2 (<I>, C/(l)), «(£, 0) - [(«,«)]. 

It is straightforward to check that this map is well-defined, i.e., it is independent 
of the choice of ajj> and Aj. Conversely, given [(s, t)] G i7 2 ($, £/(l)), one can pick 
5 such that # = i _1 (<5cr) and define 

Since (5s = then £ = (£7, t/j) defines a quasi-line bundle for &*Q. The construc- 
tion shows k(£,Q) — [(s,t)]. Therefore k is onto. 

It is now shown that ker(«) = Ger (&). Assume k(C, Q) = [(s,t)] is a triv- 
ial class. Therefore, there exists (p, r) eC 1 (<f>, t/(l)) such that (s,t) = 5(p,r) = 
(^*r(8p)~ 1 ,6t). t = 8t shows that Q admits a quasi-line bundlc£'. Thus, L <S> 
$*£' defines a line bundle over M. The first Chern class of this line bundle 
is given by the cocycle s($*t) _1 . The condition s = (&*r)8p~ 1 shows that this 
cocycle is exact, i.e., the line bundle £ (g> admits a unitary section. Thus, 

ker(n) C Gero($). Conversely, if (£,G) & Gero($) then the above argument, read 
in reverse, shows that (s,t) is exact. Hence, Gero($) C ker(n). □ 
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Remark 3.3. A relative (topological) gerbe (£,G) 6 Ger(<I>) defines a (topologi- 
cal)gerbe over the mapping cone by "gluing" the trivial gerbe over Cone(M) with 
the gerbe Q over TV c Cone$. Here, the line bundles Ei that define C play the role 
of transition line bundles. For gluing the gerbes see |22| . 

Example 3.5. Let 1— > [/(l) ^ G ^ G ^ 1 be a central extension of a Lie group G. 
Suppose $ S C°°(M, N) and Q -> N is a principal G-bundle. If P = $*Q -> M 
admit a lift P, then one obtains an element of H 3 (Q, Z). 

Example 3.6. Suppose that G is a compact Lie group. Recall that the universal 
bundle EG — > PG is a (topological) principal G-bundle with the property that any 
principal G-bundle P — > P is obtained as the pull-back by some classifying map 
$ : P — * PG. While the classifying bundle is infinite dimensional, it can be written 
as a limit of finite dimensional bundles E n G — > B n G. For instance, if G = U(k), 
one can take E n G the Stiefel manifold of unitary k- frames over the Grassmanian 
Grc(k, n). Furthermore, if B is given, any G-bundle P — > B is given by a classifying 
map $ : B — > P n G for some fixed, sufficiently large n depending only on dim P 17 . 

It can be shown that P 3 (PG,Z) classifies central extension 1 — > Z7 (1) — > G — > 
G->10. For n sufficiently large, P 3 (P„G,Z) = P 3 (PG,Z). Hence, P 3 ($,Z) 
classifies pairs (G, P), where G is a central extension of G by U(l) and P is a lift 
of $*PG to G. 

4. Differential Geometry of Relative Gerbes 

4.1. Connections on Line Bundles. Let L be a Hcrmitian line bundle with 
Hermitian connection V over a manifold M. In terms of local unitary sections ai 
of L | u i and the corresponding transition maps 

gw ■■ Uiv -> J7(l), 

connection 1-forms j4j on {/^ are defined by Vui = (2wy/—l)Ai<Ji. On C/jj', 

(27rv / ^T)(A 4 / - Ai) = g^dgu-. 

Hence, the differentials dAi agree on overlaps. The curvature 2-form F is defined by 
F\u f ='■ dAi. The cohomology class of F is independent of the chosen connection. 
The cohomology class of F is the image of the Chern class c\ (L) £ H 2 (M, Z) in 
H 2 (M, R) . A given closed 2-form F S f2 2 (M, K) arises as a curvature of some line 
bundle with connection if and only if F is integral 0]. 

The line bundle with connection (L, V) is called flat if P = 0. In this case, define 
the holonomy of (L, V) as follows. Assume that the open cover is a good 

cover of M. Therefore, Ai = dfi on Ui, where fi : U — > R is a smooth map on C/j. 
Then, 

d(27rv^l(/i'-/i)-log<fc0 = 0. 

Thus, 

c«/ := (2ttV T T(/ 1 ' - /i) - log 5^) 
are constants. Since log g is only defined modulo 271^—1 Z, so there exists a collec- 
tion of constants cu> := cu> mod Z. Different choices of fi, shift this cocyle with 
a coboundary. The 1-cocycle Cw represents a Cech class in H 1 (M, P(l)), which is 
called the holonomy of the flat line bundle L with connection V. 

Let L — ¥ M be a line bundle with connection V, and 7 : S" 1 — > M a smooth 
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curve. The holonomy of V around 7 is defined as the holonomy of the line bundle 
7*L with flat connection 7*V. 

4.2. Connections on Gerbes. 

Definition 4.1. Let Q = (U, L, 9) be a gerbe on a manifold M. A gerbe connection 
on Q consists of connections on line bundles Lai such that (#V) .., .„#ij'j" '= 
(Vi'i" ® V^,, (8 Vui)9ii'i" = 0, together with 2-forms th; € f2 2 ([/i) such that on 

((5nj)ii' = Fni = the curvature ofV^'. 
This connection gerbe is denoted as a pair (V, w). 

Since Fu> is a closed 2-form, the de Rham differential k \ jji-= dwi defines a global 
3- form k, which is called the curvature of the gerbe connection, [k] G H s (M, R) 
is the image of the Dixmier-Douady class of the gerbe under the induced map by 
inclusion 

l : H 3 (M, Z) -> H 3 (M,R). 

A given closed 3-form k G il 2 (M, R) arises as a curvature of some gerbe with 
connection if and only if in is integral 1 (i . 

Example 4.1. Suppose that 7r : P — > P is a principal G-bundle, and 

1 -» 17(1) -» G^ G^ 1 

a central extension. In Example 13. 21 a gerbe Q is described whose Dixmier-Douady 
class is the obstruction to the existence of a lift tt : P — ► B. Following Brylinski 0] 
(also see ^UJ) one can define a connection on this gerbe. Two ingredients are 
required: 

(i) a principal connection 9 G fi 1 (P, g), 

(ii) a splitting r:Pxcg^5xRof the sequence of vector bundles 

0^BxM^Px G |^Fx G ^0 

associated to the sequence of Lie algebras O^R^g^g^O. For a given lift 
7? : P — > P, with corresponding projection g : P — > P, one say that a principal 
connection 6 i7 1 (P,g) lifts if its image under J7 1 (P,5) — * f2 1 (P,g) coincides 
with Given such a lift with curvature 

F d = d9 + ±[9, 9} G 2 (P, ?) basic = ft 2 (P, P x G ), 

let K d := r(P ? ) G ft 2 (P,R) be its "scalar part." Any pair of lifts of (P,6) differs 
by a line bundle with connection (L, V L ) on B. Twisting a given lift (P, 0) by such 
a line bundle, the scalar part changes by the curvature of the line bundle 0] 

(4.1) K S + l -=c%Lrv{V L ). 



2tt v /3 T 

In particular, the exact 3-form dK G fi 3 (P) only depends on the choice of splitting 
and the connection 9. (It does not depend on choice of lift.) In general, a global 
lift P of P does not exist. However, let us choose local lifts (Pj,0j) of (P \u i: 9). 
Denote the scalar part of F 1 with Wi G fi 2 (/7i), and let Lu> — > be the line 
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bundle with connection V L "' denned by two lifts (p \u r , ,Qi) and (p/ |t/ 4i , ,#»')■ 
By Equation EH] 

(8vj)h> = - — -==curv(V L "'). 
Z7ry — 1 

On the other hand, the connection SX7 L on (8L)nnn = Lai L7~.„ Ln> is just the trivial 
connection on the trivial line bundle. Hence, a gerbe connection is defined. 

A quasi-line bundle (E, tp) with connection V E for this gerbe with connection 
gives rise to a global lift (P, 9) of (P, 9), where P \u t is obtained by twisting Pj by 
the line bundle with connection (Ei,V Ei ). The error 2-form is the scalar part of 
F 6 . (see Definition 4.2) 

Definition 4.2. Let Q be a gerbe with connection with a quasi-line bundle £ = 
(E, tjj) . A connection on a quasi-line bundle consists of connections Vf on line 
bundles E t with curvature P^ such that 

[5V E ) vl , :=Vf ®(Vf)- x SV«/. 

Also, the 2-curvatures obey [5F E )ni = P,j/. Denote this quasi-line bundle with 
connection by (£, V B ). Locally defined 2-forms a; \ jji = — F E patch together to 
define a global 2-form oj, which is called the error 2-form |15|. 

Remark 4.1. The difference between two quasi-line bundles with connections is a 
line bundle with connection, with the curvature equal to the difference of the error 
2-forms. 

Let Q — (U, L, 9) be a gerbe with connection on M. Again, assume that U is 
a good cover. Let t eC 2 (M, C/(l)) be a representative for the Dixmier-Douady 
class of Q. Then, one canhave a collection of 1-forms A.^ £ ^(Uw) and 2-forms 
Wi e Q 2 (Ui) such that 

K\Ut — dvJi 

5vj = dA 

(2irV-i)6A = r l dt. 

If k = 0, the gerbe is called flat. In this case by using Poincare Lemma, vj{ = dfii 
on Ui and on Ua> , 

(5zn)u> = d5([i)ii< = dA u >. 
Thus, again by Poincare Lemma 

A l i< - {S^)n' = dha'. 

By using (Inyf^TjSA = t^dt, 

d((2nV z: l)Sh~ logt) = 0. 

Therefore, there exists a collection of constants cn>i" GC 2 (M, R). Since log is 
defined modulo 27r\/^TZ, wc define 

cu'i" := Cii'i" mod Z. 

The 2-cocycle cwi" represents a Cech class in H 2 (M, U(l)), which is called the 
holonomy of the flat gerbe with connection. Let cr : £ — > M be a smooth map, where 
S is a closed surface. The holonomy of Q around S is defined as the holonomy of 
the pullback gerbe a*Q with the flat connection <j*(V,vj)( |2*D|L 
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4.3. Connections on Relative Gerbes. Let $ e C°°{M,N) and U = {£/ 4 }i G /, 
V = {Vj}je.j are good covers of M and N respectively such that there exists a 
map r : I — > J with $( U t ) C V^. 

Definition 4.3. A relative connection on a relative gerbe consists of gerbe 

connection (V,tu) on Q and a connection V B on the quasi-line bundle C = (E,ip) 
for the <i>*g. 

Consider a relative connection on a relative gerbe (£, 5). Define the 2-form r on 
M by 



Thus, (r, k) £ il 3 ($) is a relative closed 3- form which is called here the curvature 
of the relative connection. 

Theorem 4.1. A given closed relative 3-form (r, k) € f2 3 ($) arises as a curvature 
of some relative gerbe with connection if and only if (r, k) is integral. 

Proof. Let (t,k) S f2 3 (<l>) be an integral relative 3-form. By Proposition ^. 121 



where a C N is a smooth 3-chain and = 9a, i.e., (j3,a) £ Cone 3 ($,Z) is a 

cycle. If a is a cycle then (0, a) £ Cone 3 ($, Z) is a cycle. In this case, eauation l4.2l 
shows that for all cycles a £ S3 (AT, Z), 



Therefore, one can pick a gerbe Q = (V, L, 6) with connection (V, w) over N with 
curvature 3-form k. Denote t, := r j^. Define e il 2 (Ui) by 



Therefore, one can find a line bundle £Jj with connection over Ui whose curvature 
is equal to Ff. Over Uu> , the curvature of two line bundles &*Lui and E v ® E^ 1 
agrees. Assume that the open cover U — {Ui} ie i is a good cover of M. Thus, there 
is a unitary section ipw for the line bundle Ei ® E~, x ® ^*Lw such that Sip = &*0. 
Therefore, one obtains a quasi-line bundle C = (E, ip) with connection for <!>*£/. By 
construction the curvature of the relative gerbe (C,Q) is (t, k). Conversely for a 
given relative gerbe with connection (£, Q) one can have £ Z where /3, C Ui 

is a 2-cycle which gives 14.21 □ 



t \ Vi := $*w r{i) -F?. 



(4.2) 





Ft = $*tu r(l) - 

Let (ai,[3i) £ Cone3( < I>|[/ i ,Z) be a cycle. Then, 
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Suppose that Q is a gerbe with a flat connection (V, w) on N and C a quasi-line 
bundle with connection for <£>*£/. Since k = 0, as explained in the previous section, 
there exist 2-cocycles Cu'i" that represent a cohomology class in H 2 (M, U(l)). Since 
&*G is trivializable, there is a collection of maps fw on Uw such that Sf = <f>*t 
where j = r(i) and f = r(i'). Define kai Glas 

k W =■ i^itV^l^hiv - log fa, 

and 

kw '■= kai mod Z. 

Thus, 

<Jfc. 

Define the relative holonomy of the pair (Q,C) by the relative class [(fc,c)] <E 
i? 2 ($,[/(l)). 

Definition 4.4. Let the following diagram be commutative: 



S 1 — !— » £ 
M — TV 

where S is a closed surface, i is inclusion map and all other maps are smooth. 
Suppose that Q is a gerbe with connection on N, and <£>*C/ admits a quasi-line 
bundle C with connection. Clearly, ijj*Q is a flat gerbe and since i*ip*Q = ip*^*Q 
then i*tp*Q admits a quasi line bundle with connection that is equal to ip*£ . Define 
the holonomy of the relative gerbe around the commutative diagram as holonomy 
of the pair (ip*C, 

4.4. Cheeger-Simons Differential Characters. In this section, a relative ver- 
sion of Cheeger-Simons differential characters is developed j2H] [2] QB| ESI- Denote 
the smooth singular chain complex on a manifold M as S^ m (M). Let Z^ m (M) C 
Sl m (M) be the sub-complex of smooth cycles. Recall that a differential character 
of degree k on a manifold M is a homomorphism 

j:ZZLMM)-tf(l), 

such that there is a closed form a £ f2 fc (M) with 

j(dx) = exp (27TV— 1 



for any x £ S s k m {M) 0. 

A connection on a line bundle defines a differential character of degree 2, where 
j is the holonomy map. Similarly, a connection on a gerbe defines a differential 
character of degree 3. Specifically, any smooth fc-chain x £ S^ m (M) is realized as 
a piecewise smooth map 

tp x :K x -> M, 

where K x is a /c-dimensional simplicial complex |14|. Then, by definition 

a= j a, a£ O fc (M). 
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Suppose that y = ^aai G Zf m (M), where €{ — ±1. Assume that Q is a gerbe with 
connection over M. Since H 3 (K y ,Ii) = 0, admits a piecewise smooth quasi- 
line bundle C with connection. That is, a quasi-line bundle for all <p*Q , 

such that all £j agree on the matching boundary faces. Let ui G 2 (i\T y ) be the 
error 2-form and define 



j{y) ~ cxp(27rV-l / lo). 

Jk v 

Any two quasi-line bundles differ by a line bundle, and hence different choices for Ci 1 
change ui by an integral 2-form. Therefore, j is well-defined. Assume that y = dx. 
Since the components of K x with empty boundary do not contribute, one can 
assume that each component of K x has non-empty boundary. Since H 3 (K X ,Z) = 0, 
choose a quasi-line bundle with connection for ip*Q with error 2-form u. Let k be 
the curvature of Q. Since tp*k — dco, by stokes' Theorem 



/ k = I duj = ti,= / UJ - 



This shows that j is a differential character of degree 3. 

Definition 4.5. Let $ € C°°(M, N) be a smooth map between manifolds. A 
relative differential character of degree k for the map $ is a homomorphism 

j : Zf™^) -+ U(l), 

such that there is a closed relative form (/3, a) G f2 fc ($) with 



j{d{y,x)) = exp(2nV=l(f 0- fa)) 

J y J x 



for any (y,x) G S s k m {$). 

Theorem 4.2. 4 relative connection on a relative gerbe defines a relative differ- 
ential character of degree 3. 

Proof. Let $ G C°°(M, N) be a smooth map between manifolds, and consider a 
relative gerbe (£, Q) with connection. Let (y,x) G 5f m (<I>) be a smooth relative 
singular cycle, i.e., 

Oy = Q 

and 

= 9a;. 

Suppose that if y and if x are the corresponding simplicial complex, and 

is the induced map. Given a relative connection, choose a quasi-line bundle £' 
for <p x G, and a unitary section a of the line bundle H := <p*£ ® Let 
u5 G 51 2 (A^) be the error 2-form for and A G J7 1 (M) be the connection 1-form 
for H with respect to a. Define a map j by 

j{y,x) := exp(2 7 rv / ^T( / D-/ A)). 
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Choose another quasi-line bundle for ip*G- Then, the difference of error 2-forms is 
an integral 2-form. Changing the section a will shift connection 1-form A to A + A', 
where A' is an integral 1-form. Thus, 

3 : - U(l) 

is well-defined. Let k be the curvature 3-form for Q, and u> be the error 2-form for 
C. Then (oj,k) G 3 (4>), and 

j{d{y,x)) = j(dy,$*{y) - dx) 

= exp(27rV^T( j u- I A)) 

= exp(27rV^T( / w- / w-/ A)) 

= exp(27rV^T( f (**£;- <L4) - / dw)) 

= cxp(27rV^T( / w - / fc)). 

Thus, j is a relative differential character in degree 3. □ 

4.5. Transgression. For a manifold M, denote its loop space as LM. In this 
Section, a line bundle with connection over LM is first constructed by transgress- 
ing a gerbc with connection over M. A map $ S C°°(M, N) induces a map 
L<& £ C°°{LM,LN). Next, it is proven that a relative gerbe with connection 
on $ produces a relative line bundle with connection on L$ by transgression. 

Proposition 4.3. (Parallel transportation) Suppose that Q is a gerbe with connec- 
tion on M x [0,1] and Go = G\(mx{o})- There is a natural quasi-line bundle with 
connection for the gerbe n*Go ® G^ 1 , where ir is the projection map 

7T : M x [0, 1] -» M x {0}. 

Proof. It is obvious that one can obtain a quasi-line bundle with connection for the 
gerbe n*Go ® G~ X ■ Specify a quasi-line bundle Cg for the gerbe tt*Go ® G~ x by the 
following requirements: 

l.Thc pull-back t* Cg is trivial, while i is inclusion map 

i: M x {0} ^ M x [0,1]. 

2. Let jj e ft 3 (M x [0, 1]) be the curvature 3-form for 7r*(/o®0 _1 - Note that = 0. 
Let x G fi 2 (M x [0, 1]) be the canonical primitive of r\ given by transgression. Then, 
choose a connection on Cg such that its error 2-form is \- Any two such quasi-line 
bundles differ by a flat line bundle over M x [0, 1]. This line bundle is a trivial line 
bundle over M x {0}. □ 

Theorem 4.4. A gerbe G with connection on M x S 1 , induces a line bundle Eg 
with connection on M . Also, a quasi-line bundle with connection for G induces a 
unitary section of Eg . 

Proof. M x S 1 = M x [0, 1]/ ~, where the equivalence relation is defined by 
(m,0) <~ (to, 1) for m € M. Therefore, n*Go ® G~ 1 \mx{i}/~ is a trivial gerbe, 
and £g|jvfx{i}/~ is a quasi-line bundle with connection for this trivial gerbe, i.e., 
a line bundle with connection Eg for M. If one change Cg to another natural 
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quasi-linc bundle with connection, the difference between two quasi-line bundles 
over M x S 1 is a trivial line bundle. Thus, the assignment Q — ► Eg is well-defined. 

Suppose that the gerbe Q admits a quasidine bundle C. Then, (tt*£q) ® 
and Cg are two quasidine bundles for the gerbe tt*Go <8> where £o = £|a/x{o}- 
Thus, 7r*£ ® (g) {Cg)- 1 defines a line bundle over M xS' = M x [0, 1]/ ~. 
This line bundle over M defines a map s : M — * ?7(1). (7r*£ ) <S> ('C _1 )|mx{o}/~ is 
the trivial line bundle E. Since £g -E -1 = s, Eg admits a unitary section. □ 

Remark 4.2. Let Q be a gerbe with connection on M. Consider the evaluation map 

e : LM x S 1 -> M. 
Thus, e*<7 induces a line bundle with connection on LM. 

Theorem 4.5. For a given map $ € C°°{M,N), a relative gerbe with connection 
£/<j> induces a relative line bundle with connection El§. 

Proof. The relative gerbe Q§ is a gerbe Q on N together with a quasidine bundle 
with connection C for the pull-back gerbe The gerbe Q induces a line bundle 

with connection Eg. Further, the quasi-line bundle with connection C for <5>*Q 
induces a unitary section s for the line bundle with connection (L$)* Eg by Theorem 
14.41 Thus, the pair (s, Eg) defines a relative line bundle with connection □ 
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